Abstract-Chaos synchronization is experimentally investigated in semiconductor lasers with delayed optoelectronic feedback. Depending on the coupling strength of the driving signal to the receiver, the lasers fall into different regimes of chaos synchronization or modulation. Synchronization happens when the coupling strength to the receiver matches the feedback strength to the transmitter, where the receiver output reproduces the output of the transmitter regardless of the presence of channel distortion or an encoded message. Modulation dominates when the coupling strength is much less than the feedback strength, where the receiver output follows the driving signal. In between, there is no sharp transition between these two regimes but only a mixture of the two phenomena. Driven oscillation is not observed in this optoelectronic feedback system when the coupling strength is increased to a level higher than the feedback strength.
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I. INTRODUCTION
C HAOS synchronization has been intensively investigated in various nonlinear dynamical systems [1] - [5] for its potential applications in chaotic communications [6] - [10] . In a synchronized chaotic communication, the quality of chaos synchronization between a transmitter dynamical system and a receiver dynamical system directly influences the reliability of message recovery. Other phenomena such as modulation and driven oscillation, which have also been observed in the studies of chaos synchronization in coupled nonlinear dynamical systems [11] , [12] , are very different in their characteristics of reproducing a chaotic waveform from the transmitter even though they resemble certain features of chaos synchronization. For the applications of synchronized chaos to communications, it is of great importance to investigate what is true chaos synchronization and how it can be distinguished from the other phenomena.
In true chaos synchronization, the receiver dynamical system is required to be identical to the transmitter dynamical system and the driving signal to the receiver is required to match that to the transmitter. When the two systems are synchronized, the output of the receiver reproduces that of the transmitter in both waveform and magnitude. In modulation, the driving signal to the receiver is small compared with that to the transmitter. The output of the receiver is basically a direct linear response of the receiver dynamical system to the input driving signal. The output of the receiver does not generally have the same magnitude as the output of the transmitter and the waveform may be distorted by nonlinearity. In driven oscillation, the driving signal to the receiver is high above the level which is required for chaos synchronization. The output of the receiver is a direct, but nonlinear, response of the receiver dynamical system to the input driving signal. If the receiver dynamical system matches the characteristics of the input driving signal, the receiver can reproduce the waveform of the input driving signal even though the receiver is now operated in a highly nonlinear regime.
In this paper, we experimentally investigate the synchronization of chaotic pulses in a system that consists of two unidirectionally coupled semiconductor lasers with delayed optoelectronic feedback. Chaos synchronization is observed when the coupling strength from the transmitter to the receiver matches the feedback strength to the transmitter. However, when the coupling strength is lowered to much less than the matched level for chaos synchronization, modulation phenomenon starts to dominate. Driven oscillation is not observed in the optoelectronic feedback system when the coupling strength is increased to a level higher than the feedback strength in the transmitter. These results are observed when the receiver is set in either an open-or closed-loop configuration. However, the open-loop configuration shows better quality of chaos synchronization and modulation [13] . Therefore, in this paper, we focus on the demonstration of the characteristics of chaos synchronization and its difference from modulation and driven oscillation using the open-loop configuration.
The general concepts of the differences among chaos synchronization, modulation and driven oscillation are described in Section II. Experimental demonstration of chaos synchronization and modulation are reported in Section III. Section IV concludes this paper.
II. GENERAL THEORY
A block diagram of two unidirectionally coupled nonlinear dynamical systems is shown in Fig. 1 . The transmitter consists of a nonlinear dynamical system with a delayed feedback. The dynamical output of the transmitter, denoted as , is driven by and deterministically dependant on the delayed feedback signal , where is the feedback delay time. Therefore, the output of the transmitter can be written as , where denotes the nonlinear system function of the transmitter dynamical system and is the strength of the feedback. The receiver consists of a similar nonlinear dynamical system, whose system function is denoted by also for simplicity because the two nonlinear dynamical systems are required to be the same for chaos synchronization. Driven by the 0018-9197/03$17.00 © 2003 IEEE coupled signal from the transmitter, the receiver output can be written as , where is the transmission time for the driving signal to reach the receiver and is the coupling strength of the driving signal to the receiver.
A. Chaos Synchronization
When the receiver is an identical dynamical system to the transmitter, which are both described by the function and the coupling strength to the receiver matches the feedback strength to the transmitter so that , the receiver can synchronize with the transmitter as . Indeed, the transmitter and the receiver synchronize with a time shift [14] - [16] , even though the receiver is driven by the signal . Depending on the difference , the receiver can fall into two regimes of retarded or anticipated synchronization [17] - [19] , where the receiver output lags behind or leads ahead the transmitter output, respectively. When the two nonlinear dynamical systems are not completely identical, or when is not exactly the same as , synchronization quality deteriorates.
The quality of chaos synchronization and its time shift can be quantified by calculating the shifted correlation coefficient where denotes the time average. In this calculation, the chaotic waveform from the receiver is continously time shifted by a value with respect to the waveform of the transmitter. The correlation coefficient is calculated correspondingly for each time shift . For the coupled systems shown in Fig. 1 , the correlation coefficient should peak at with due to chaos synchronization. When there exists parameter mismatch, the value of drops.
B. Modulation and Driven Oscillation
Other than chaos synchronization, the output of the receiver is also a direct response of the receiver dynamical system to the input driving signal. Consequently, there is always some correlation between the output signal and the signal that is the input to the receiver dynamical system. When the coupling strength is small such that , the receiver is operated in a linear operating regime and its output is a linear response to the input driving signal. Small-signal modulation, amplification and attenuation all fall within this category. In this regime, the output of the receiver is a linear response to the input signal as . Distortion exists within this category if the linear response is not perfect because of nonlinearity in the system. When the coupling strength is very strong such that , the response of the receiver dynamical system becomes highly nonlinear. Nevertheless, it is still possible that the output of the receiver well reproduces the input driving signal if the dynamics of the receiver matches the characteristics of the input signal. This phenomenon is called driven oscillation, nonlinear amplification, or type II synchronization [11] , [12] . In driven oscillation, the nonlinear dynamics of the receiver is required to match the characteristics of the input signal. Different from the case of chaos synchronization, the output of the receiver in driven oscillation directly follows the input driving signal as . Driven oscillation has been observed both experimentally and numerically in optical feedback systems [11] , [12] . Therefore, when we examine the shifted correlation coefficient, a correlation peak should also appear at with due to the direct response of the receiver dynamical system to the input driving signal. The value of indicates the quality of this direct response, which is either modulation or driven oscillation depending on the strength of .
As discussed above, in the calculation of the shifted correlation coefficient, two correlation peaks should appear. One is , which is associated with chaos synchronization, and the other is , which is caused by the direct response of the receiver dynamical system. When , chaos synchronization dominates. Otherwise, when , direct response dominates. The time shift varies with the variation in the feedback delay time . In contrast, the time shift does not vary with .
C. Synchronization With Channel Distortion
In reality, there is always channel distortion in transmission. The effect of channel distortion can be denoted by a function , as is shown in Fig. 1 . The receiver output is then driven by the distorted signal such that . If the same distortion is applied to the feedback signal in the transmitter, as is shown in Fig. 1 , the transmitter and the receiver can still synchronize with . Thus, the output of the receiver still reproduces the output of the transmitter without distortion as in spite of the fact that the receiver is driven by the distorted signal . In modulation, the receiver output follows the distorted input driving signal as . In driven oscillation, the receiver cannot follow well because the dynamics of the receiver system does not match the characteristics of the distorted input signal. Therefore, when there is channel distortion, which is the case in our experiment, the correlation coefficient should be calculated between and around
for synchronization quality and it should be calculated between and around the peak for direct response quality. The correct positions for the measurements of , and are indicated by , and correspondingly in Fig. 1 .
D. Synchronization With Encoded Message
Different message-encoding schemes have different effects on the quality of chaos synchronization [20] . To maintain good quality of chaos synchronization, it is important to keep the symmetry between the transmitter and the receiver in the process of message encoding. If the message is fed back to drive the transmitter when it is sent to the receiver, the receiver can still synchronize with the transmitter regardless of the strength of the message. Furthermore, in this situation, the output of the receiver synchronizes with that of the transmitter even though the receiver is driven by the total transmitted signal which is a combination of the output of the transmitter and the message. In the case of modulation, the receiver output follows the total driving signal, which has the message included. In driven oscillation, the receiver output still follows the total driving signal, but with deteriorated quality because the characteristics of the input signal is changed by the message. Fig. 2 shows the schematic experimental setup for the investigation of chaos synchronization using two semiconductor lasers with delayed optoelectronic feedback. The two nonlinear dynamical systems under investigation for chaos synchronization are the two semiconductor lasers which are intrinsically nonlinear devices. In this setup, the transmitter laser has an optoelectronic feedback loop. The optical output from the transmitter laser is converted into an electronic signal by a photodetector PD1. After amplification, the electronic signal is fed back to drive the transmitter laser again. Driven by the optoelectronic feedback, the transmitter laser generates chaotic pulses on a subnanosecond time scale. To synchronize the chaotic pulses, an identical receiver laser is unidirectionally coupled to the transmitter laser through an optoelectronic path. Through this path, the optical signal from the transmitter is sent to the receiver and detected by a photodetector PD3. After amplification, this signal is used to drive the receiver laser. The receiver is configured in an open-loop configuration with no optoelectronic feedback. The dynamics of the receiver laser is driven by the coupled signal from the transmitter. Two attenuators are used to adjust the feedback strength to the transmitter and the coupling strength to the receiver, respectively. The lasers are InGaAsP-InP single-mode distributed feedback (DFB) lasers emitting at the same wavelength of 1.299 m. These lasers are carefully chosen from the same batch with the closest characteristics. The threshold of the transmitter laser is 34 mA and that of the receiver laser is 28 mA. The two lasers are biased at carefully chosen levels to compensate for the difference in their thresholds so that their parameters are matched at the operating conditions of the experiment. In the experiment, both lasers are temperature stabilized at 21.00 C. The photodetectors are InGaAs photodetectors with a 6-GHz bandwidth. The amplifiers are Avantek SSF86 amplifiers with a 3-dB passband of 0.4-3 GHz. The chaotic waveforms are measured with a Tektronix TDS 694 C digitizing real-time oscilloscope with a 3-GHz bandwidth and a 1 10 samples/s sampling rate.
III. OPTOELECTRONIC FEEDBACK SYSTEM
In the experiment, the transmitter laser is biased close to its threshold at mA and the feedback strength is adjusted to be . The feedback current is proportional to the feedback strength and the fluctuation of the photon density of the transmitter laser such that , where is the photon density at the free-running condition. When the feedback delay time is tuned to ns, the transmitter laser enters a chaotic pulsing state. Meanwhile, the receiver laser is biased at 34.0 mA, where it is found to have the best parameter match with the transmitter laser. The transmission time from the output of the transmitter to the input of the receiver is measured to be ns. To investigate the different phenomena of chaos synchronization, modulation, and driven oscillation, the coupling strength to the receiver is adjusted with respect to the feedback strength to the transmitter. The chaotic waveforms are measured for the output of the trans- at point , the output of the receiver at point , and the distorted driving signal to the receiver at point , respectively, as is shown in Fig. 2 , corresponding to the three positions , , and in Fig. 1 . The waveform is a distorted version of the transmitter output due to the distortion from the optoelectronic channel path. The same distortion is applied to the feedback signal to the transmitter through the optoelectronic feedback loop. Fig. 3 shows the shifted correlation coefficient between the outputs of the transmitter and the receiver at three different coupling strengths , , and 2.5 , respectively. Two correlation peaks are observed. One is with ns and the other is with ns. Note that is calculated between and , while is calculated between and , when is continously shifted with respect to and , as is discussed above when the system has channel distortion.
Whether the system is dominated by chaos synchronization or the direct response of the receiver depends on which correlation peak is higher than the other. In Fig. 3(a) , with , we find that , which means that the receiver correlates better with the driving signal than with the transmitter output. Under this condition, the receiver is in the modulation regime. In Fig. 3(b) , with , we can see that is increased while is decreased. Therefore, the relation becomes , which indicates that the receiver output now correlates much better with the transmitter output than with the driving signal. Consequently, the receiver is synchronized with the transmitter in this situation. Since the time shift is ns, the output of the receiver actually leads the output of the transmitter by 3.0 ns and the receiver is anticipatedly synchronized with the transmitter. In Fig. 3(c) , with , we observe that the correlation peak drops as the synchronization quality deteriorates. Meanwhile, the correlation peak is found to drop also. Therefore, the phenomenon of driven oscillation is not observed in this optoelectronic feedback system when is increased to 2.5 . One possible reason for the absence of such phenomenon in our experiment is the fact that we are not able to increase the coupling strength to an even higher level as is done in an optical feedback system [11] because both the amplifiers and the lasers saturate when the driving signal gets sufficiently high.
Besides the correlation coefficient, comparison between the chaotic waveforms and the correlation plots are also investigated and demonstrated in Figs. 4-6 for the conditions corresponding to Fig. 3(a)-(c) , respectively. Fig. 4(a) and (b) shows the comparison of the waveforms between the transmitter output and the receiver output and between the driving signal and the receiver output , respectively, under the condition of as in Fig. 3(a) . The corresponding correlation plots are shown in Fig. 4(c) and (d) . To better show the correlation between these waveforms, the receiver waveform is time shifted by ns in Fig. 4 (a) and (c) and it is shifted by ns in Fig. 4 (b) and (d). As can be seen, under this condition, the receiver output correlates better with the driving signal with than with the transmitter output with . In this case, the system is dominated by the modulation phenomenon. In this experiment, the output of the receiver is observed to be smaller than that of the transmitter because the receiver is under small-signal modulation. In Fig. 4 , the output of the receiver is rescaled to be comparable with and , respectively. Because of the nonlinearity in the system, the best correlation is only for the modulation phenomenon. Fig. 5 shows similar comparison between the waveforms and the correlation plots but under the condition of as in Fig. 3(b) . As can be seen, the receiver waveform now correlates much better with the transmitter output, with a correlation coefficient , than with the driving signal, with . Thus, it is demonstrated that the receiver is synchronized with the transmitter in this situation. The effect of channel distortion is clearly observed if we compare the waveforms and . This distortion is caused mainly by the amplifier after PD3 in the optoelectronic channel path. Nevertheless, we still observe good quality of chaos synchronization between the outputs of the transmitter and the receiver. The quality of chaos synchronization with in Fig. 5 is even better than the quality of modulation with in Fig. 4 . This is because the quality of chaos synchronization is not affected by the distortion in the driving signal to the receiver when the same distortion is applied to the feedback signal to the transmitter through the amplifier after PD1 in the optoelectronic feedback loop. Fig. 6 shows similar comparison between the waveforms and the correlation plots but under the condition of as in Fig. 3(c) . As can be seen, the correlation coefficient between and and that between and both drop significantly to and , respectively. The drop of the correlation peak is due to the mismatch in the strengths of the driving signals to the transmitter and the receiver, respectively. Meanwhile, the low value of indicates that the phenomenon of driven oscillation is not established.
In order to study the transition between the two regimes of modulation and synchronization, the coupling strength is gradually varied with respect to the feedback strength . Fig. 7 shows how the correlation coefficients, both between the transmitter output and the receiver output, indicated by the circles and between the driving signal and the receiver output, indicated by the squares, vary with . The correlation coefficient reaches its maximum when the coupling strength matches the feedback strength at for , which agrees with the requirement for chaos synchronization that the receiver and the transmitter be driven by the same force. When is tuned away from , the synchronization quality deteriorates. In contrast, the correlation coefficient increases monotonically as the coupling strength is decreased, which agrees with the expectation that linearity of modulation is improved as the strength of the input signal is reduced. When , the receiver output starts to correlates better with the driving signal than with the transmitter output. Therefore, the system makes a transition from synchronization to modulation when is decreased from to . Note that the modulation quality at is still worse than the synchronization quality at . The modulation quality peaks at around . Further decreasing does not improve the modulation quality because the effect of noise starts to deteriorate the modulation quality when the input signal gets sufficiently small. Perfect linearity of modulation is not possible because of the inherent nonlinear dynamical nature of this laser system. Driven oscillation, which should take place at if it exists, is not observed in this optoelectronic feedback system due to the reason discussed above. When the transmitter laser is operated at a different value of the feedback strength , the curve is basically not changed under the same relative value of . Meanwhile, the curve can shift to the left or the right depending on whether the absolute value of is increased or decreased. Nevertheless, the existence of two regimes of synchronization and modulation and the characteristic of the transition between the two regimes does not change with .
The effect of parameter mismatch in chaos synchronization is studied by changing the bias current of the receiver laser. The optimum bias current of the receiver laser is found to be mA where synchronization shows the best quality. Therefore, the bias current of the receiver at mA matches the bias current of the transmitter at mA after the difference in the thresholds of these two lasers are taken into account.
In Fig. 8 , the circles show the correlation coefficient between the synchronized outputs of the transmitter and the receiver when is varied with respect to the matching point of under the condition . When the bias current of the receiver laser matches that of the transmitter laser at , the synchronization quality is the best. When the bias current is tuned away from this matching point, the synchronization quality starts to drop precipitately. In the modulation regime, parameter mismatch does not have such an effect because the correlation between the driving signal and the receiver output does not require the parameters of the receiver to match those of the transmitter for linear modulation. The modulation quality actually increases monotonically as the bias current of the receiver increases, as is shown in Fig. 8 by the squares under the condition . The melioration of the modulation quality with the increase in is caused by the fact that the system is operated in a small-signal modulation regime with decreased modulation index when is increased. Due to the inherent nonlinear dynamical nature of this laser system, the quality of modulation at is still worse than that of the chaos synchronization at . As we have observed in Fig. 3 , the correlation peak associated with chaos synchronization appears at ns and the correlation peak associated with direct response of the receiver appears at ns. In order to investigate how and vary with the feedback delay time , the length of the feedback loop in the transmitter is adjusted such that , 1.5 and 0.0 ns, respectively, while is fixed at 17.2 ns. Fig. 9 shows the result of the time shifts and , respectively, versus . It is clear that varies accordingly with the variation in . All the data points of fall within one straight line with a slop of 1.0, which further confirms that . In contrast, is not a function of and it remains a constant at 17.2 ns when is changed because is only related to . Therefore, it is proven that chaos synchronization has a time shift of , which is tightly related to the dynamical parameter of the feedback delay time in the transmitter, while modulation as the direct response of the receiver is only related to .
Another characteristic of chaos synchronization is that the synchronization quality remains the same when there is an encoded message, if the message-encoding process does not break the symmetry between the transmitter and the receiver. In Fig. 10 , the circles represent the correlation coefficient between the outputs of the transmitter and the receiver when a message is encoded through additive chaos modulation [20] . The message signal has the same wavelength as that of the chaotic transmitter. The message is added to the chaotic carrier waveform at the position of the beam splitter BS2. Because the encoded message is also fed back to drive the transmitter laser while it is sent to the receiver, the symmetry between the transmitter and the receiver is maintained. As a consequence, chaos synchronization is maintained. It can be clearly seen in Fig. 10 that the synchronization quality between the outputs of the transmitter and the receiver remains unchanged when the amplitude of the message is increased. The correlation between the total transmitted signal, which is the combined signal of the transmitter output and the message and the receiver output, is also shown in Fig. 10 by the squares. It is seen that the value of this correlation decreases monotonically when the amplitude of the message is increased. These two correlations shown in Fig. 10 clearly demonstrate that the receiver is synchronized to the transmitter output but not to the total transmitted signal. Therefore, chaos synchronization is further proven by the fact that the output of the receiver synchronizes with the output of the transmitter even when the receiver is driven by a total transmitted signal that is encoded with an arbitrary message. With this additive chaos modulation, the beating noise from the interference of the message signal and the transmitter output needs to be considered. However, in this optoelectronic feedback system, the effect of the beating noise is found to be small, which is due to the fact that the power of the beating noise is distributed over a broad spectrum when both the intensity and the phase of the transmitter output fluctuate chaotically.
In the case of modulation with an encoded message, the receiver output follows the total driving signal which is also the total transmitted signal including both the transmitter output and the message. The receiver cannot recover the transmitter output alone since it is mixed with the message. Because there is channel distortion in the experiment, the receiver output actually follows the total driving signal that is already distorted. Detailed discussions on the different effects of message encoding in chaos synchronization and modulation under different encoding schemes deserve further investigation and will be reported in a separate paper.
The experimental results are summarized in Table I for the different regimes in this optoelectronic feedback system. Compared with the general theory in Section II, the experimental results match well with the theory. A global picture of the two regimes of synchronization and modulation are observed in the experiment with this optoelectronic feedback system and the characteristics of each regime match well with the theory. The regime of driven oscillation is not observed in this optoelectronic feedback system.
IV. CONCLUSIONS
Chaos synchronization is experimentally investigated using two semiconductor lasers with delayed optoelectronic feedback. Two correlation peaks and are observed between the outputs of the transmitter and the receiver when the chaotic waveform of the receiver is continously shifted with respect to the chaotic waveform of the transmitter. The correlation peak characterizes chaos synchronization between the transmitter and the receiver and the correlation peak is associated with the direct modulation response of the receiver to the driving signal. The time shifts are found to be and , respectively. The system is in chaos synchronization with when the coupling strength to the receiver matches the feedback strength to the transmitter. The system is dominated by modulation with when the coupling strength to the receiver is sufficiently less than the feedback strength to the transmitter. In between, there is no sharp transition between these two regimes but only a mixture of the two phenomena. Driven oscillation is not observed in this optoelectronic feedback system when the coupling strength is increased to a level higher than the feedback strength in the transmitter. In chaos synchronization, the receiver output reproduces the output of the transmitter regardless of the presence of channel distortion or encoded message. In modulation, the receiver output follows the driving signal, which is the total transmitted signal including any encoded message and distortion.
